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ABSTRACT 
In this paper cross-phase modulation (XPM) and its impact on multispan NRZ-modulated wavelength division 
multiplexing (WDM) systems is examined. An analytical model is presented to assess the signal degradation. The 
impairments due to XPM are related to a Q-factor. The presented formulas are examined for different dispersion 
compensation schemes and also mixed-fiber systems. The analytical models are verified by system simulations 
employing the split-step Fourier method. 
To determine the impairments due to XPM the pump-probe model is used, which assesses the distortion of an 
unmodulated probe channel. It is shown that this model is applicable to NRZ systems.  
Existing analytical models are extended for certain conditions, e.g. given dispersion compensation schemes such as 
the distributed under-compensation scheme (DUCS) or the full-inline and optimized post compensation scheme 
(FOCS). Furthermore, a formula will be suggested to estimate the degradation of performance, if further WDM 
channels are added to an existing system. 
Keywords:    cross-phase modulation, nonlinear fiber optics, optical crosstalk, optical fiber communications, 
wavelength division multiplexing. 
1. INTRODUCTION 
Cross-phase modulation is one of the dominant degradation effects in 10 Gbit/s NRZ WDM systems. Dense channel 
spacing as well as high signal powers lead to considerable signal degradations. XPM is one of the main obstacles to 
achieving high transparent transmission distances. XPM causes a modulation of the optical phase of a given channel 
through the refractive index variation of the fiber when other channels are intensity modulated [1]. The modulation of 
the optical phase is converted into intensity distortion of the signal by dispersion leading to a noise-like distortion [2]. 
In this paper the signal distortions due to XPM have been isolated from the other nonlinear effects, and a Q-factor due 
to the XPM degradation is calculated. Several simplified analytical models are presented in this paper and the 
boundary conditions for the different models are outlined. Different dispersion compensation schemes are covered and 
also mixed fiber systems have been analyzed. 
 
2.  ANALYTICAL MODELS FOR THE ASSESSMENT OF XPM 
In the past various analytical models for the assessment of the XPM degradation have been presented [3-5]. These 
models have in common that they employ the ”pump-probe” technique. Thereby the influence of the modulated pump 
channels on the unmodulated probe channel is assessed. From the nonlinear Schrödinger equation it can be derived 
that the phase of the probe channel changes infinitesimally.  
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In the following, different analytical models for the assessment of the signal degradation due to XPM are presented. 
 
2.1. The Cartaxo model 
 
The Cartaxo model [3] is a very versatile and flexible model. It assumes two copolarized optical waves, which 
propagate in a single mode fiber (SMF). At the input of the fiber, channel 1 is unmodulated (cw) and the optical 
power of the second channel is sinusoidally modulated with an angular frequency ω. With the help of the Wang-
model [2], the change of the pump envelope due to dispersion (group-velocity dispersion, GVD) is taken into account. 
A small signal approximation along the fiber is assumed. The change of the amplitude due to dispersion is described 
by the following formula [2]: 
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The phase modulation (PM) of the probe channel at the position z is converted into intensity modulation (IM) due to 
the GVD. Because the PM is infinitesimal, a small signal approximation for the PM-IM conversion can be applied, as 
it was outlined in [2]. 
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It has been assumed that the signal propagates in the linear regime from the position z to the end of the fiber section, 
and only GVD affects the signal. 
The accumulated IM at the output of the fiber segment can be calculated by the summation of the different 
contributions of the XPM induced phase shifts at the position z with z = 0..L. This is equivalent to an integration of 
eq. (3) from 0 to L. If the resulting equation is subsequently divided by the mean pump power, a transfer function 
H(ω) can be defined. Fig. 1 shows that this transfer function has roughly high pass characteristics. 
 
 
Figure 1:  Transfer function for a 10 span NRZ 10 Gb/s transmission system with 0 dBm channel input power into the 
NZDSF and -0.75 dBm input power into the DCF, 9 channels, D = 4.14  ps/(nm⋅km), 50 GHz channel spacing, 
S = 0.082 ps/(nm²⋅km), α = 0.23 dB/km, γ = 1.1627 1/(W⋅km) with DUCS (-50 ps/nm/span), a pre-compensation of 
-170 ps/nm and 50 ps/nm residual dispersion at the end of the system. 
 The equation for 2-channel systems can be extended to an arbitrary number of channels. If there are more than one 
pump channels, the phase of the probe channel is modulated by each pump channel individually. The phase shifts 
induced by the different pump channels are independent from each other. The aggregate transfer function can be 
interpreted as a superposition of the individual transfer functions.  
Furthermore, it is possible to extend the transfer function to an N-segment transmission system. Because the system 
parameters (e.g. fiber length, attenuation, dispersion coefficients, nonlinearity coefficient, gain, etc.) may not be 
identical for each span, the analytical equations must be able to support arbitrary parameters for each span. The most 
important change for a multispan system is, though, that the induced PM is now converted into IM from the position z 
to the total system length. The DCFs are considered with a negative sign accordingly. Because the equation given in 
[3] is very complex, it is not printed at this point. A simplified version of that equation is presented later in this text 
(compare eq. (8)). It needs to be stressed that the Cartaxo model offers very high flexibility. It considers the change of 
the pump channel envelope due to GVD, as well as the dispersion slope. Furthermore, it is possible to include a pre-
DCF as well as varying dispersion compensation schemes, which may change on a span-by-span basis. Also systems 
with mixed fibers (e.g. SSMF and NZDSF) may be modeled. This flexibility – on the other hand – leads to a very high 
computational effort.  The computational time for a 30 span system can be as high as several minutes. 
 
2.2.  The Bellotti Model 
 
The Bellotti model is a “simplified” Cartaxo model, although both models have been developed independently from 
each other. The Bellotti model is – as the Cartaxo model – based on the Wang model, which enables to calculate an 
amplitude fluctuation from the phase shift. In contrast to the Cartaxo model, though, the Bellotti model neglects the 
dispersion slope. It assumes that the dispersion constant D is constant for all channels. Also the change of the 
envelope of the pump channels due to GVD is neglected. The Bellotti model is used in recent publications [6][7]. 
 
2.3.  The Shtaif Model 
 
In contrast to the previous two models, the Shtaif model [5] is not based on the Wang model [2]. Thus, it does not use 
the simplified model to calculate an amplitude fluctuation from the phase shift. The Shtaif model does not consider a 
modulated pump channel, but it assumes only a single edge for the pump. As a result, the Shtaif model obtains a 
function, which describes the intensity variation of the probe channel. 
 
2.4.  Comparison of the different analytical models 
 
The three models presented before are all based on pump-probe experiments. This has the advantage that the signal 
degradation due to XPM can be separated from other nonlinear effects like self-phase modulation (SPM), because the 
probe channel is cw. Furthermore the pump-probe model allows to find relatively simple analytical expressions. 
Essential is also the simplified conversion of PM to IM based on the Wang model. The Wang model offers the great 
advantage that not a differential operator of second order needs to be solved, but only simple sine and cosine terms 
need to be considered.  
Due to these considerations - in the following - a combination of the Cartaxo model [3] and the Bellotti model [4] is 
presented, which has partly been published in [8].  
3.  SIMPLIFIED ANALYTICAL MODELS 
3.1. Simulation setup 
 
To verify the results obtained from the analytical models, the following simulation system setup has been used 
(Fig. 2). For the simulations the program PHOTOSS [9] has been used. The simulations used the separated channels 
model [10]. This model allows to switch off all other nonlinear effects except for the XPM effect. In all simulations 9 
NRZ modulated channels were launched at the beginning of the fiber. At the end of the transmission system, the 
optical eye of the center channel has been analyzed. The center channel is the worst affected channel and thus defines 
the worst-case scenario.  
 
Figure 2: Simulation system setup. M-WDM channels and N-spans with an optional Pre-DCF. Only the center channel 
(193.1 THz) has been taken into account for the assessment of the Q-factor. 
 
The considered transmission system consists of M channels with a channel spacing of 50 GHz or 100 GHz. 10 Gb/s 
NRZ signals with a cos²-shape and a roll-off factor of R = 0.5 are transmitted. The length of the pseudo-random bit 
sequence (PRBS) was chosen to be 1024 bits. The variance of the marks was analyzed at the end of the transmission 
distance. The optical demux filter was chosen to be a first-order Gaussian filter with an FWHM of 12.5 GHz. 
 
 
3.2. Calculation of the Q-factor 
 
As explained before it, is possible to analytically obtain a transfer function H(ω) due to XPM. Because XPM is a 
noise-like process it is convenient to describe the degradations due to XPM with the variance of the noise process. 
The variance can be calculated by multiplying the transfer function with the power spectral density of the NRZ signal 
and applying an inverse Fourier transformation afterwards. The variance is calculated in the center of the pulse (t = 0). 
The power spectral density of an NRZ signal is given by [11]: 
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Pmax is the signal peak power at the input of the fiber, R the roll-off factor of the pulse shape and T the bit duration. 
With the help of eq. (4), the XPM-induced variance can be calculated by: 
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P(0) is the average channel power, HXPM,ij(ω) the transfer function due to XPM (compare eq. (8)) and Hopt,filter(ω), the 
transfer function of the optical demultiplex filter. With the help of the variance afterwards a Q-factor due to XPM can be defined: 
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In this formula the influence of the XPM effect on the spaces can be neglected, because ideally the extinction is quite 
high and thus the power of ‘0’ is very low and the variance due to XPM on the spaces is also very low (compare 
Fig. 3). 
                                
Figure 3: Eye diagram and histogram of the center channel for an 8-span SSMF system with zero residual dispersion 
at the end of the system. 
 
The XPM effect can be seen as an OSNR penalty. In the following, a minimal OSNR of 15 dB and an additional 
OSNR penalty of 2 dB have been assumed. With the help of the following formula from these figures a minimal 
tolerable Q-factor can be calculated: 
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Where fel (here: fel =14 GHz) and fopt (here: fopt = 12.5 GHz) are the two-sided bandwidths of the optical and electrical 
filters. This leads to a minimal allowed Q-factor of approx. 10. 
 
3.3. Arbitrary dispersion compensation schemes 
 
In the simplified model for the calculation of the transfer function, which is presented here, some assumptions were 
taken. The simplified model neglects the dispersion slope (assuming Dprobe  ≈  Dpump). It also assumes the fiber 
attenuation – fiber length product to be very much larger than 1. This leads to the following formula: 
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In this formula i stands for the index of the probe channel and k for the index of the pump channel. N is the total 
number of spans, gnet the net gain from the transmitter to the receiver, γ
(l) the nonlinearity constant of the l
th fiber, D the dispersion constant of the l
th fiber, ∆λik the channel spacing between channels i and k, L the length of the L
th fiber, 
α the attenuation constant, gk the gain in front of the l
th transmission fiber and 
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With the wavelength of the i
th channel λi, the speed of light in vacuum c, the residual dispersion at the end of the 
system DR and the inline dispersion in front of the l
th segment DI 
(l-1). Eq. 8 has the great advantage that transmission 
systems with arbitrary dispersion compensation schemes, which can also vary on a span-by-span basis, can be 
calculated. Furthermore mixed fiber systems can be assessed. The nonlinearity on the DCF has been neglected in all 
formulas. That is why N denotes the number of spans and not the number of segments as originally in [3]. It will be 
shown later that neglecting the nonlinearity on the DCF does not cause a higher error. Furthermore, simplifications for 
the sine and cosine terms have been employed if the arguments of these were small.  
In the following diagram the results of the analytical calculations are shown. Also the values obtained from the 
numerical simulations using the split-step Fourier (SSF) method have been plotted. 
 
Figure 4: Comparison of the Q-factors for an 8-span NRZ 10 Gb/s transmission system, 50 GHz channel spacing 
9 channels, DUCS (-50 ps/nm/span), Pre-DCF of  -170 ps/nm. 
NZDSF:  D = 4.64  ps/(nm⋅km),  S = 0.047  ps/(nm²⋅km),  α = 0.23 dB/km, γ = 1.7888 1/(W⋅km),  Pch = 0 dBm 
-2.4 dBm channel input power into the NZDSF-DCF 
SSMF:  D = 16.7  ps/(nm⋅km),  S = 0.055  ps/(nm²⋅km),  α = 0.23 dB/km,  γ = 1.1627 1/(W⋅km),  Pch = 0 dBm 
-0.75 dBm channel input power into the SSMF-DCF  
 
 
 
As it can be seen from Fig. 4, the analytical model is in good agreement with the values obtained from the SSF 
simulation. The Q-factor has been plotted versus the DCF length at the end of the system. Fig. 4 also justifies the simplifications, which were taken. Especially important is the fact that the maxima of the simulation curve and the 
analytical curve fall together. This is the point of optimum performance, which is likely to be used in real systems. In 
the mixed fiber system, alternating spans of SSMF and NZDSF were cascaded. It can be seen from Fig. 4 that mixed 
fiber systems have a clear performance advantage (approx. 30%) compared to NZDSF systems. For systems with a 
higher number of spans (e.g. 24 spans), the Q-factor curves will be flatter and the maximum of the NZDSF curve will 
lie in the range of 13. Still for the higher number of spans the mixed fiber system will have a considerable 
performance advantage. 
 
3.4. Distributed undercompensation scheme (DUCS) and distributed overcompensation scheme (DOCS) 
 
The model described above can further be simplified, if a distributed undercompensation scheme (DUCS) or a 
distributed overcompensation scheme (DOCS) is employed and the residual dispersion at the end of the system is 
zero. In this case the factor Ci becomes zero. It may also be assumed that the input power for all spans is more or less 
constant and compensates for the occurring fiber attenuation. In this case the product exp(-αL)gK in eq. (8) can be set 
to one. In the following equation it has also been assumed that the undercompensation (or overcompensation) is 
constant per span. With these assumptions the transmission function can be simplified: 
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The uncompensated residual dispersion after the first span has been denoted in that equation with DI-1.  
 
3.5. Full-inline and optimized post compensation scheme (FOCS) 
 
In the case of full-inline and optimized post compensation (FOCS) the analytical equation can be simplified even 
further. It is possible to leave away all terms having to do with the residual inline dispersion (Di
(l) = 0). This also 
requires that no Pre-DCF is used. Furthermore, it is necessary to add the complete sine and cosine terms again, 
because the small signal approximations are not valid anymore. This leads to the following equation: 
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Fig. 5 shows that the analytical equation is still in good agreement with the values obtained from the SSF-simulation. 
The higher differences to the simulation (compare to Fig. 4) stem from the fact that the analytical formula has been 
simplified further.  
Figure 5: Comparison of the Q-factors due to XPM for a 14-span NRZ 10 Gb/s transmission system with –1.07 dBm 
channel input power into the NZDSF and –5.77 dBm input power into the DCF, 9 channels, D = 4 ps/(nm⋅km), 
50 GHz channel spacing, S = 0.08 ps/(nm²⋅km), α = 0.25 dB/km, γ = 2.056 1/(W⋅km) with FOCS. 
 
 
If the residual dispersion at the end of the transmission system is assumed to be very low, the transfer function can be 
simplified beyond that. All terms having to do with Ci can be set to zero. This leads to the following equation: 
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With the help of this equation it is now possible to find a scaling law for the dependence of the degradation on the 
number of WDM channels. The frequency dependent part of eq. 15 is dominated by the term a²ik. That is why it can 
be assumed that also the Q-factor depends in some way from the term a²ik. aik (compare eq. (11)) itself is defined by 
the fiber attenuation, the dispersion constant and the channel spacing. Heuristically the following formula could be 
derived: 
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M is the number of pump channels and the ω used in aik is the angular frequency of the bit rate. The scaling law was 
computed for a 10 Gb/s squared-cosine input signal with a roll-off factor of 0.5. With the help of this scaling law it is 
possible to calculate the Q-factor for a two channel system (one pump and one probe) and scale it to an arbitrary 
number of channels by simply diving the two-channel Q-factor by the weighting factor WM. Important to notice is the 
fact that the weighting factor is independent from the total number of fiber spans. 
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The only assumption is that the channels need to have equal channel spacing and that they are spaced symmetrically 
around the probe channel. Theoretically, though, the scaling law can be determined for an arbitrary position of the 
probe channel. As you can see from Fig. 6, the heuristically derived curve (eq. 17) is in good agreement with the curve, which has been derived from SSF simulations. The validity of eq. 16 has been checked for different fiber types, 
different channel spacings and attenuation coefficients.  
 
Figure 6: Dependence of the scaling law WM on the number of pump channels for a 10 Gb/s NRZ systems with 14 
spans, –1.07 dBm channel input power into the NZDSF and –5.77 dBm channel input power into the DCF, 
D = 4 ps/(nm⋅km), 50 GHz channel spacing, α = 0.25 dB/km, γ = 2.056 1/(W⋅km). 
 
From Fig. 6 it can also be derived that it is sufficient to simulate a system with approx. 8 pump channels, because for 
a higher number of pump channels the Q-factor will not degrade any further. 
 
  Original Cartaxo  Original Bellotti  Eq. (8)  Eq. (15)+Eq. (17) 
Computational time 
for a 28-span system  122 s  91 s  16 s  2 s 
 
Table 1: Comparison of the computational time needed for the different analytical models evaluating a 28-span 
system using MATLAB. 
 
The weighting factor enables to decrease the computation time drastically (compare Table 1), because only a single 
transfer function has to be calculated for one pump channel and not an individual transfer function for each pump 
channel.  
4. CONCLUSIONS 
In this paper we have presented several models for the analysis of the degradation effects due to XPM. The analytical 
formulas employ the pump-probe technique. Various simplifications for the analytical formula have been introduced. 
With the help of these simplifications a major decrease in the computational time has been reached. The analytical 
results have been converted into a Q-factor and compared to the results from SSF simulations. Furthermore, a scaling 
law has been presented, which describes the degradation if further WDM channels are added. The equations are 
suitable for offline network planning as well as constraint-based routing (CBR) in automatically switched optical 
networks (ASON), because they are very fast.  
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